Introduction {#Sec1}
============

The theory of stochastic viscosity solutions, including existence, uniqueness and stability, developed by two of the authors (Lions and Souganidis \[[@CR4]--[@CR9]\]) is concerned with pathwise solutions to fully nonlinear, possibly degenerate, second order stochastic pde, which, in full generality, have the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} du=F(D^{2}u,Du, u, x, t) dt + \sum _{i=1}^{d}H_{i}\left( Du, u, x\right) d\xi ^{i} \ \text { in } \ \mathbb {R}^N \times (0,T],\\ u=u_0 \ \text {on} \ \mathbb {R}^N \times \{0\}; \end{array}\right. } \end{aligned}$$\end{document}$$here *F* is degenerate elliptic and $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi =(\xi ^1,\ldots , \xi ^d)$$\end{document}$ is a continuous path. A particular example is a *d*-dimensional Brownian motion, in which case ([1](#Equ1){ref-type=""}) should be interpreted in the Stratonovich sense. Typically, $\documentclass[12pt]{minimal}
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For the convenience of the reader we present a quick general overview of the theory: The Lions--Souganidis theory applies to rather general paths when $\documentclass[12pt]{minimal}
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                \begin{document}$$H=H(p)$$\end{document}$ and, as established in \[[@CR6], [@CR9]\], there is a very precise trade off between the regularity of the paths and *H*. When $\documentclass[12pt]{minimal}
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                \begin{document}$$d=1$$\end{document}$, the results of \[[@CR9]\] deal with general continuous, including Brownian paths, and the theory requires certain global structural conditions on *H* involving higher order (up to three) derivatives in *x* and *p*. Under similar conditions, Lions and Souganidis \[[@CR10]\] have also established the wellposedness of ([1](#Equ1){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {C}^1$$\end{document}$, ([1](#Equ1){ref-type=""}) falls within the scope of the classical Crandall--Lions viscosity theory---see, for example, Crandall et al. \[[@CR2]\].

The aforementioned conditions are used to control the length of the interval of existence of smooth solutions of the so-called doubled equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} w(x,y,t_0)=\lambda |x-y|^2 \end{aligned}$$\end{document}$$as $\documentclass[12pt]{minimal}
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It was, however, conjectured in \[[@CR9]\] that, given a Hamiltonian *H*, it may be possible to find initial data other than $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda |x-y|^2$$\end{document}$ for the doubled equation, which are better adapted to *H*, thus avoiding some of the growth conditions. As a matter of fact this was illustrated by an example when $\documentclass[12pt]{minimal}
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In this note we follow up on the remark above about the structural conditions on *H* and identify a better suited initial data for ([2](#Equ2){ref-type=""}) for the special class of quadratic Hamiltonians of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^N$$\end{document}$ and do not satisfy the conditions mentioned earlier, where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g=( g_{i,j})_{1\le i,j\le N} \in C^2(\mathbb {R}^N; {\mathcal {S}}^N) \end{aligned}$$\end{document}$$is positive definite, that is there exists $\documentclass[12pt]{minimal}
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                \begin{document}$$N\times N$$\end{document}$-symmetric matrices and (*p*, *q*) denotes the usual inner product of the vectors *p*, *q* $\documentclass[12pt]{minimal}
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                \begin{document}$$\in \mathbb {R}^N$$\end{document}$. When dealing with ([1](#Equ1){ref-type=""}) it is necessary to strengthen ([5](#Equ5){ref-type=""}) and we assume that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g, g^{-1} \in C^2_b(\mathbb {R}^N; {\mathcal {S}}^N), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$C^2(\mathbb {R}^N; {\mathcal {S}}^N)$$\end{document}$. Note that in this case ([6](#Equ6){ref-type=""}) is implied trivially.
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We continue with some terminology and notation that we will need in the paper. We write $\documentclass[12pt]{minimal}
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                \begin{document}$$T>0$$\end{document}$, and thus converge to a limit which is independent of the regularization. This limit is considered as the solution to ([1](#Equ1){ref-type=""}). It follows that the solution operator for ([1](#Equ1){ref-type=""}) is the extension in the class of continuous paths of the solution operator for smooth paths. Then \[[@CR4]--[@CR9]\] introduced an intrinsic definition for a solution, called stochastic viscosity solution, which is satisfied by the uniform limit. Moreover, it was shown that the stochastic viscosity solutions satisfy a comparison principle and, hence, are intrinsically unique and can be constructed by the classical Perron's method (see \[[@CR9], [@CR13]\] for the complete argument). The assumptions on the Hamiltonians mentioned above were used in these references to obtain both the Cauchy property and the intrinsic uniqueness.

To prove the Cauchy property the aforementioned references consider the solutions to ([1](#Equ1){ref-type=""}) corresponding to two different smooth paths $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta _1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta _2$$\end{document}$ and establish an upper bound for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sup $$\end{document}$-norm of their difference. The classical viscosity theory provides immediately such a bound, which, however, depends on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^1$$\end{document}$-norm of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{\zeta }_1 -\dot{\zeta }_2$$\end{document}$. Such a bound is, of course, not useful since it blows up, as the paths approximate the given continuous path $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$. The novelty of the Lions-Souganidis theory is that it is possible to obtain far better control of the difference of the solutions based on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sup $$\end{document}$-norm of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta _1 -\zeta _2$$\end{document}$ at the expense of some structural assumptions on *H*. In the special case of ([1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F=0$$\end{document}$ and *H* independent of *x*, a sharp estimate was obtained in \[[@CR9]\]. It was also remarked there that such bound cannot be expected to hold for spatially dependent Hamiltonians without additional restrictions.

In this note we take advantage of the very particular quadratic structure of *H* and obtain a local in time bound on the difference of two solutions with smooth paths. That the bound is local is due to the need to deal with smooth solutions of the Hamilton-Jacobi part of the equation. Quadratic Hamiltonians do not satisfy the assumptions in \[[@CR9]\]. Hence, the results here extend the class of ([1](#Equ1){ref-type=""}) for which there exists a well posed solution. The bound obtained is also used to give an estimate for the solutions to ([1](#Equ1){ref-type=""}), ([4](#Equ4){ref-type=""}) corresponding to different merely continuous paths as well as a modulus of continuity.

Next we present the results and begin with the comparison of solutions with smooth and different paths. Since the assumptions on the metric *g* are slightly stronger in the presence of the second order term in ([1](#Equ1){ref-type=""}), we state two theorems. The first is for the first-order problem$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} du - (g^{-1}(x) Du, Du)d\xi =0 \ \text{ in } \ \mathbb {R}^N \times (0, T],\\ u=u_0 \ \text {on} \ \mathbb {R}^N \times \{0\}, \end{array}\right. } \end{aligned}$$\end{document}$$and the second for ([1](#Equ1){ref-type=""}) with *H* given by ([4](#Equ4){ref-type=""}). Then we discuss the extension property and the comparison for general paths.

We first assume that we have smooth driving signals and estimate the difference of solutions. Since we are working with "classical" viscosity solutions, we write $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
-----------
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We consider now the second-order fully nonlinear equation ([1](#Equ1){ref-type=""}) with quadratic Hamiltonians, that is the initial value problem$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{ll} du=F\left( D^{2}u,Du,u,x,t\right) dt +(g^{-1}(x) Du, Du)d\xi &{} \hbox { in } {\mathbb {R}}^{N} \times 0,T],\\ u(\cdot ,0 )=u_{0}\in \mathrm {BUC}( {\mathbb {R}}^{N}), &{} \end{array} \right. \end{aligned}$$\end{document}$$and introduce assumptions on *F* in order to have a result similar to Theorem [1.1](#FPar1){ref-type="sec"}.

In order to be able to have some checkable structural conditions on *F*, we find it necessary to replace ([5](#Equ5){ref-type=""}) and ([9](#Equ9){ref-type=""}) by the stronger conditions ([7](#Equ7){ref-type=""}) and$$\documentclass[12pt]{minimal}
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Similarly to the classical theory of viscosity solutions, it is also necessary to assume something more about the joint continuity of *F* in *X*, *p*, *x*, namely that$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_g$$\end{document}$ and as a result we find it necessary to strengthen the assumptions on the metric *g*.

To simplify the arguments below, instead of ([19](#Equ19){ref-type=""}), we will assume that *F* monotone in *r*, that is$$\documentclass[12pt]{minimal}
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To state the result we introduce some additional notation. For $\documentclass[12pt]{minimal}
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Theorem 1.2 {#FPar2}
-----------
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Under their respective assumptions, Theorems [1.1](#FPar1){ref-type="sec"} and [1.2](#FPar2){ref-type="sec"} imply that, for paths $\documentclass[12pt]{minimal}
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Theorem 1.3 {#FPar3}
-----------
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We also remark that for both problems the proofs yield a, uniform in $\documentclass[12pt]{minimal}
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An example of *F* that satisfies the assumptions of Theorem [1.2](#FPar2){ref-type="sec"} is the Hamilton--Jacobi--Isaacs operator$$\documentclass[12pt]{minimal}
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The first order case: the proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec2}
========================================================================

We begin by recalling without proof the basic properties of the Riemannian energy $\documentclass[12pt]{minimal}
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Proposition 2.1 {#FPar4}
---------------

Assume ([5](#Equ5){ref-type=""}), ([6](#Equ6){ref-type=""}) and ([9](#Equ9){ref-type=""}). The Riemannian energy $\documentclass[12pt]{minimal}
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The next lemma, which is based on ([34](#Equ34){ref-type=""}) and the properties of *g*, is about an observation which plays a vital role in the proofs.

To this end, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y \in {\mathbb {R}} ^N$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda >0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi ,\zeta \in \text {C}_0^1([0,T])$$\end{document}$, we set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Phi ^{\lambda } (x,y,t):= \frac{\lambda e_g(x,y)}{1-\lambda (\xi _{t}-\zeta _{t})}. \end{aligned}$$\end{document}$$

Lemma 2.2 {#FPar5}
---------

Assume ([5](#Equ5){ref-type=""}), ([6](#Equ6){ref-type=""}) and ([9](#Equ9){ref-type=""}) and choose $\documentclass[12pt]{minimal}
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Proof {#FPar6}
-----

The first inequality is immediate from the definition ([25](#Equ25){ref-type=""}) of $\documentclass[12pt]{minimal}
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The proof of Theorem [1.1](#FPar1){ref-type="sec"} follows the standard procedure of doubling variables. The key idea introduced in \[[@CR5]\] is to use special solutions of the Hamiltonian part of the equation as test functions in all the comparison type-arguments, instead of the typical $\documentclass[12pt]{minimal}
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                \begin{document}$$ \lambda |x-y|^2$$\end{document}$ used in the "deterministic" viscosity theory. As already pointed out earlier, in the case of general Hamiltonians, the construction of the test functions in \[[@CR5]\] is tedious and requires structural conditions on *H*. The special form of the problem at hand, however, yields easily such tests functions, which are provided by Lemma [2.2](#FPar5){ref-type="sec"}.

Proof of Theorem 1.1 {#FPar7}
--------------------

To prove ([15](#Equ15){ref-type=""}) it suffices to show that, for all $\documentclass[12pt]{minimal}
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Lemma 2.3 {#FPar8}
---------

Suppose that the assumptions of Theorem [1.1](#FPar1){ref-type="sec"} hold. Then:
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The second-order case: the proof of Theorem [1.2](#FPar2){ref-type="sec"} {#Sec3}
=========================================================================

Since the proof of Theorem [1.2](#FPar2){ref-type="sec"} is in many places very similar to that of Theorem [1.1](#FPar1){ref-type="sec"}, we omit arguments that follow along straightforward modifications.

In the next lemma we introduce the modified test functions, which here will depend on an additional parameter $\documentclass[12pt]{minimal}
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Proof of Theorem 1.2 {#FPar11}
--------------------
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The properties of the geodesic energy and the assumptions of Theorem [1.2](#FPar2){ref-type="sec"} {#Sec4}
==================================================================================================
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We begin with the former.

Proposition 4.1 {#FPar12}
---------------

Assume ([7](#Equ7){ref-type=""}). Then there exists $\documentclass[12pt]{minimal}
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Proof {#FPar13}
-----

We begin by recalling some basic facts concerning geodesics and distances.

For each fixed point *x*, there is a unique geodesic with starting velocity $\documentclass[12pt]{minimal}
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We note that the energy along a geodesic $\documentclass[12pt]{minimal}
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Indeed, given *x*, *y*, ([53](#Equ53){ref-type=""}) and equivalently ([54](#Equ54){ref-type=""}), are the first-order optimality necessary conditions for these minimization problems. Hence, in view of ([57](#Equ57){ref-type=""}),$$\documentclass[12pt]{minimal}
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It turns out that, for *y* close to *x*, there exists exactly one geodesic. Indeed, if $\documentclass[12pt]{minimal}
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The next two propositions provide estimates that can be used in the comparison proofs in place of the exact identities above.

Proposition 4.2 {#FPar14}
---------------
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Proof {#FPar15}
-----
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Proposition 4.3 {#FPar16}
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-----
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We conclude by checking that the assumptions of Theorem [1.2](#FPar2){ref-type="sec"} are satisfied for *F* of Hamilton-Jacobi-Isaacs type. Note that condition ([7](#Equ7){ref-type=""}) is valid, as demanded by that theorem.

Proposition 4.4 {#FPar18}
---------------

Let *F* be given by ([30](#Equ30){ref-type=""}), satisfying ([32](#Equ32){ref-type=""}) and ([33](#Equ33){ref-type=""}). Then *F* satisfies ([18](#Equ18){ref-type=""})--([22](#Equ22){ref-type=""}).

Proof {#FPar19}
-----
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